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Service agents in a call center are assigned to help customers by routing policies that seek
to balance several objectives. Usually, these policies follow myopic rules in order to minimize
the waiting time or maximize the quality experienced by the next customer. However, there is a
secondary effect of the routing assignment: by learning-on-the-job, the development of the agents’
expertise depends on the calls they take.

In this paper we address the effect that routing rules have on agent learning. We develop
a nonlinear optimization framework for two kinds of expertise objectives: one that seeks equal
distribution of experience across the workforce (effectively cross-training), and one that aims to
develop specialized expertise by prioritizing the routing of specific customer inquiries to specific
agents. Analytical models of call center operations are inadequate to handle this task, so instead
we turn to discrete-event simulation, and evaluate the effect of routing policies on agent expertise
with a custom simulator developed in the ExtendSim modeling environment. Simulation results
describe an efficient frontier in routing policies that depends on the underlying expertise objective
function.

1. Introduction: Modeling On-the-Job Learning

1.1 Motivation for an Optimization/Simulation Approach
Suppose an operations manager determines that on-the-job learning is significant among the work-
force of agents she is responsible for. She observes her agents developing expertise with additional
exposure to specific calls, exhibiting trends such as those of Figure 1 . How may she best take
advantage of those trends to improve her group’s performance? We provide a two-part answer to
this question for call centers operating at medium utilization levels, where decisions about learning
involve the most tradeoffs—assume a call center with average agent utilization rates between 30%
and 60%, belonging to the quality-driven regime (see Gans et al. [2003], page 100). Empirical data
suggest that such utilization levels are realistic over the time scale at which learning effects should
be managed, e.g. multiple days or weeks.
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Figure 1: An example of cumulative average handle time performance improving with experience. Left:
an agent gets faster and decreases her average handle time from 8 minutes to 5 minutes, a ≈ 40% improve-
ment, after handling about 560 calls over five months. Right: our model of this process, the log-linear
learning curve, where the call handle time for agent i and call type k is a decreasing function of cumulative
production, Hik(Nik) = Hik(1) ·N−bik

ik . The learning exponent in this case is b = 0.07.

For simplicity, we focus on improvements in call handle time with cumulative expertise, where
handle time is assumed to start slow and to get faster with experience. We have several reasons
for selecting the handle time–cumulative experience model here. First, we noted that trends of
handle time getting faster with experience were common among the agents and call types ob-
served in empirical data provided by our industrial partners. Trends of learning with cumulative
production were significant on a wide scale. Improvements in handle time may also have several
interpretations, making them useful in different contexts. For instance, they may be taken to be
improvements in service quality—a fast response may indicate a knowledgeable agent. They also
have a noticeable operational impact because they increase the call center’s capacity, and lower
customer waiting times, which can be measured in queueing simulations.

Section 2 discusses mathematical programming approaches for generating optimal work as-
signments. These assignments are in the form of call routing targets for each agent that depend
on their skill and expected learning curve in cumulative production for each call type. To be use-
ful, the routing targets need accurate assessments of agents’ potential to improve—derived for
instance from human resources data about an agent’s education, background, and training period
observations—and an accurate demand forecast for incoming calls. We will assume sufficient
accuracy on both measures for our purposes here.

Section 3 describes routing rules that implement these optimal routing targets in a stochas-
tic model of a small contact center, where customer arrival times and service times are randomly
distributed. In the normal case of multiple agents serving multiple queues, the observed inherent
randomness of these systems will cause agents to be ahead of schedule with respect to some rout-
ing targets, and behind with respect to others, at any single point in time. Recognizing this, we
define five routing rules that control agent activity with respect to their pre-set targets in different
ways. We then conduct experiments using discrete-event simulations to evaluate the rules along
dimensions of expertise development, variation of expertise among agents, and maintenance of
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Figure 2: Top: Plot of expertise development for a single agent responsible for a queue of customers.
Here, the agent’s expertise develops according to the irregular stair-step plot, with an increase recorded at
the instant of each customer departure tn. The amount of this increase diminishes as the production record
grows, and is bounded above by the dotted line, which represents a perfect expertise value of one. Bottom
left: an analytically tractable arrangement where each agent handles her own M/M/1 queue. Bottom right:
a more realistic model where agents share responsibility for a single queue. But because of the difficulty
of finding analytical results for priority M/M/c systems, we turn to randomized simulations enabled by
ExtendSim to investigate the realistic model at bottom right.

waiting-time performance. Taken together, the optimization and simulation approaches provide a
contact center manager with a toolkit to set both routing targets and target-implementing rules such
that the development of agents’ expertise can be fully incorporated in operational planning.

1.2 Embedding Expertise Development in Queueing Models—Some Limi-

tations
Contact centers employ a large workforce of agents. Tractable analytics for such multi-agent
systems require that we use models like that on the bottom left of Figure 2, where each agent
is responsible for service to a separate M/M/1/∞ queue. Yet in practice contact centers assign
multiple agents to the same queue to keep waiting times low. To model waiting times accurately,
we must turn to the M/M/c system on the right (Cleveland [2000], pages 89–90), or to related
models such as M/G/c—in that case the general service time distribution G is often taken to be the
lognormal distribution, following empirical results (Gans et al. [2003], page 127).

M/M/c systems are the most tractable of the family of multi-server queueing system models.
But as with all the others, it is difficult to compute and write down expressions for steady state
results where routing proportions p are different for every agent; further, the mean service time
must remain stationary (Gross and Harris[1999], page 156). But in conflict with this requirement,
we know that service times may change with the experience our agents. For these reasons, we turn
to randomized discrete-event simulations enabled by ExtendSim to generate results for different
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routing rules.

2. A Nonlinear Program to Find Optimal Work Assignments

2.1 Design of the Objective Function
Suppose our operations manager is responsible for a total of I agents who handle K different call
types. The handle time performance changes by agent and by type, so let subscripts i and k be the
indices specifying each agent and type, respectively. More customers typically call in than a single
agent can handle, so she seeks to divide Ntotal calls into work assignments Nik for each {agent,
type} pair:

Ntotal =
K∑

k=1

Nk =
I∑

i=1

K∑
k=1

Nik. (1)

Her first step is to define an objective function for the optimization. She notices that her agents
perform better with experience, and thus wishes to consider learning-based improvements in effi-
ciency as part of her work allocation model. We consider two fundamental functions of expertise
that she can use.

• The first is the the expected value of agent expertise seen by a customer, which we call the
customer’s utility function of expertise, or Uc. This function is optimized by an extreme
routing rule that concentrates the highest possible volume of work on the smallest feasible
subset of agents.

• The second is the sum of expertise present at the call center, which we call the supervisor’s
utility function of expertise, or Us. This function is optimized by a routing rule that divides
work assignments evenly among agents.

In the approach taken here, one of these utility functions becomes the optimization objective, and
its influence is represented in the optimization solver output by a set of target percentages for
routing calls to agents. Subsequent simulation results show us which of a selection of routing rules
characterized by high to low evenness among call distribution outcomes does best to implement
the objective’s target values in a stochastic model of the service system.

The agents’ circumstances will favor one of these utilities. If the arriving tasks favor specialized
expertise—expert agents demonstrate critical efficiency and accuracy improvements compared to
unseasoned agents—and if on-the-job learning is important for manifesting that expertise, then Uc

is the better choice. Some agents may have strong latent task-specific potential that benefits the
group if it can be tapped; specialized routing targets to steer the right calls to those agents are
preferred.

On the other hand, the manager may have several reasons for wanting to develop agents’ ex-
pertise equally. Agents may cover for each other more easily. Server pooling to reduce system
congestion becomes easier. Agents perceive their own workload to be more fair when everyone
else receives the same assignment. The firm may reclaim some bargaining power with respect to
salaries by distributing necessary skills more evenly. If such reasons predominate, objective Us is
the better choice.
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An additional subtlety exists in the present context regarding the supervisor’s utility Us, the
straight sum of expertise values in a group. Agents face a variety of call types, and each type is
characterized by different average performance measures. In fact, we find that each agent-type
pair exhibits a unique performance trend. We take a broad approach and accommodate both mul-
tiple call types and multiple agents when pursuing objective functions for expertise development.
Given differing call types and agent abilities, the optimal value of the sum of expertise may not be
produced by a completely even assignment of calls to agents. But from our experience of how to
maximize a concave sum, we can expect that the best assignment for Us will be more even than the
best assignment for Uc.

Our manager knows that during her career she may face a different balance favoring one or the
other for a specific agent group and time period. Here we will consider both Uc and Us as objective
functions, and explore the ramifications of both choices.

As a first step, our manager collects data to determine an accurate estimate of her agents’ po-
tential to improve, such as the data shown in Figure 1 that plots one agent’s change in performance
on a specific task. She has confidence in her data, and can estimate well the capabilities of untried
agents by matching their human resources profiles with past work histories of veterans who were
once at the same stage of expertise.

Figure 3: Given a demand forecast D, we must assign Ni jobs to agents i ∈ {1, 2, 3}, such that
∑3

i=1 Ni =
D. We require that our optimization objective take into account the dynamic of agent handle time decreasing
through cumulative experience.

The model of expertise development appears at the right of Figure 1. This model is the com-
monly used log-linear learning curve applied to improvements in an agent’s handle time, where
the call handle time for agent i and call type k is a decreasing function of cumulative production,
Hik(Nik) = Hik(1) · N−bik

ik . Figure 3 illustrates this dynamic in the presence of multiple agents.
The organization also conducts research for quality assurance purposes on agent performance, and
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finds that improved efficiency often correlates with improved expertise on other dimensions of
service quality—by encouraging efficiency improvements, she also hopes to boost quality metrics
that are harder to quantify.

Our manager considers whether or not it is useful to specify routing priorities, and works out
a simple way to estimate their importance. Say Hik(NM) is the handle time after an agent takes
some number of calls NM , where NM is the maximum number of calls of type k that could be
routed to i in one period. Then to attain a percentage p of this improved efficiency, the agent needs
to be routed Np calls, where

Hik(Np) = Hik(NM) + p · [Hik(1)−Hik(NM)]

Hik(1) ·N−bik
p = Hik(1) ·N−bik

M + p · [Hik(1)−Hik(1) ·N−bik
M ]

Np =
(
(1− p) + p ·N−bik

M

)(−1/bik)

(2)

Figure 4: Different call types are characterized by different mean arrival rates. Routing rules that encourage
priorities or specialization are most important when significant learning occurs among the low-volume call
types.

For example, if bik = 0.01 and NM = 300, to attain p = 75% of the potential efficiency
improvement this agent must be routed a total of Np = 70 calls. In general it would be easy to route
Np calls to i if the arrival rate λk of call type k is large, so that i receives frequent opportunities for
service through a policy of agents taking the first waiting customer—then routing priorities may be
unnecessary. In our example, consider the volume of other call types to be so large that they crowd
out our agent’s favored type, making it unlikely a no-priority policy will cause agent i to get 70
calls within the optimization period. Were our manager to ascertain that many examples like this
exist in her group—that certain of her agents will progress rapidly on specific lower-volume call
types—then objective Uc is preferred, because her assignment objective must introduce routing
priorities to match capable agents to favored task types that they would otherwise rarely see.
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2.2 Maximizing the Customer’s Utility Function Uc

Here we can also define the total customer’s utility Uc over all agents and call types as the expected
value of expertise. A quantity 0 ≤ X ≤ 1 represents a positive experience level. Now, consider
instead the slowest mean handle time Hk among the agent-type pairs to be zero expertise; and let
positive quantities of expertise be represented by the difference between Hk and faster values Hik.

• We can write the expertise level as Xik = Hk −Hik.

• In the cumulative production model Hik(Nik) = Hik(1) ·N−bik
ik .

• Substitution in the first equation gives Xik = Hk −Hik(1) ·N−bik
ik .

• The customer’s utility is defined as Uc =
∑

j pjXj for some j, requiring routing proportions
pj . Here, proportions pik for agent i and call type k may be obtained by splitting the number
of calls assigned Nik into Nik = pik ·Dk, where Dk is the demand forecast for type k calls.

The customer’s objective, the expected value of expertise, may now be expressed as

I∑
i

K∑
k

pikXik =
I∑

i=1

K∑
k=1

pik ·
[
Hk −

(
Hik(1) ·D−bik

k · p−bik
ik

)]
(3)

Note that the routing proportions sum to one for every call type, or
∑I

i pik = 1. Also note that
expertise now has units of time (say, minutes) and its values lie in the range 0 < Xik ≤ Hk.

Our manager observes that Equation (3) would better reflect the value of agents’ expertise to
the contact center if they were weighted by the relative arrival rates of the different call types. She
therefore assigns weights to each term wk = λk

I·
PK

k=1 λk
, where λk represents the mean arrival rate

of type-k customers to the center. The term I in the denominator here allows the weights to sum
to 1 over all terms in the double summation, but it also reduces the numerical accuracy of a solver.
Since it is present identically in all terms, it can be discarded. Note that the weights wk could
potentially incorporate other factors, such as the profitability of serving each of k different classes
of customers. Weights wik could also be defined to account for unique costs or other characteristics
of individual agents.

We now define the final form of the customer’s utility function as

Uc(pik) =
I∑

i=1

K∑
k=1

wk · pik ·
[
Hk −

(
Hik(1) ·D−bik

k · p−bik
ik

)]
. (4)

When our manager decides the customer’s utility—the expected value of expertise—is the right
quantity to optimize, she would like to maximize Equation (4) as the objective, written

max
pik

(Uc(pik)) , or equivalently min
pik

(−1 · Uc(pik)) .

Unfortunately we see in Lemma 2.1 below that Uc(Nik) is a convex function, and so it presents the
potential for multiple local maxima. It does not have convenient optimality properties—the local
maximum that is returned depends on the initial conditions the solver sees, and it may not be the
true global maximum.

7



As a technical matter before stating the next result, we note that all routing proportions pik are
constrained to be strictly greater than zero in the targets we seek from a solver, although pik is
allowed to be very small, so that it is acceptable for pik ·Dk ≈ 0.

Lemma 2.1. The objective function of Equation (4), Uc(pik), is a convex function of pik.

Proof. To show that Uc(pik) is convex in pik, we must show that ~vT∇2Uc(pik)~v ≥ 0 for any real-

valued vector ~v of length I ∗K (see Boyd and Vandenberghe [2004], page 74, or Nash and Sofer

[1996], pages 22-23). Here ∇2Uc(pik) is the Hessian matrix, I is the total number of agents, and

K is the total number of call types. First, note that

Uc(pik) =
I∑

i=1

K∑
k=1

wk · pik ·
[
Hk −

(
Hik(1) ·D−bik

k · p−bik
ik

)]
=

I∑
i

K∑
k

wk · pik ·Hk −
I∑

i=1

K∑
k=1

wk ·Hik(1) ·D−bik
k · p(1−bik)

ik

Constant C1 =
I∑

i=1

K∑
k=1

wk · pik ·Hk =
K∑
k

wk ·Hk (5)

Uc(pik) = C1 −
I∑

i=1

K∑
k=1

wk ·Hik(1) ·D−bik
k · p(1−bik)

ik

= C1 −
I∑
i

K∑
k

Cikp
(1−bik)
ik (6)

where terms Cik = wk · Hik(1) · D−bik
k are constant with respect to pik, and Equation (5) holds

because
∑I

i pik = 1. Uc(pik) is now a constant minus a sum, and the nonzero Hessian terms are

∂Uc(pik)

∂pik

= −(1− bik) · Cik · p−bik
ik

∂2Uc(pik)

∂p2
ik

= bik · (1− bik) · Cik · p−(1+bik)
ik ≥ 0

∇2Uc(pik) = diag
(
bik · (1− bik) · Cik · p−(1+bik)

ik

)
. (7)

The Hessian matrix∇2Uc(pik) is thus a diagonal matrix of size (I ∗K, I ∗K), with strictly positive

elements on the diagonal (because pik > 0). Therefore all of its eigenvalues are positive;∇2Uc(pik)

is positive definite (see for example Lay [1994], pages 289 and 416); and the quadratic form

~vT∇2Uc(pik)~v > 0. It is therefore also positive semidefinite. Thus we have shown that Uc(pik) is

a convex function of pik, and the lemma is proved.
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Finding the best solution to objective Uc(pik) involves submitting the problem (maxpik
Uc(pik))

to a nonlinear solver; but as discussed above, the global optimum may not be returned, or the solver
may have trouble converging to a solution. Our operations manager devises the following work-
around. The first-order Taylor series approximation to the nonlinear term p−bik

ik is just the linear
term pik. Her data reveal the values of the learning exponents to be bik ≤ 0.1 among the agent-
type combinations, so the maximum linearization error for one pik term in the sum is about 4% at
pik = 0.349—and the error is much less for other pik values. She accepts the trade-off of losing a
small amount of accuracy to guarantee the solver’s convergence to a good solution, and therefore
the new linearized objective function for the customer’s utility becomes

Uc(pik) =
K∑
k

wk ·Hk −
I∑

i=1

K∑
k=1

(
wk ·Hik(1) ·D−bik

k

)
· pik. (8)

2.3 Maximizing the Supervisor’s Utility Function Us

To maximize the sum of expertise Us in the current context, where a high level of expertise is
expressed as fast service, we need to minimize the sum of final marginal handle times. Thus our
manager starts with an objective function to minimize the sum of Hik(Nik) values over all agent-
type pairs, and again includes the weighting by call type arrival rate wk = λk

I·
PK

k=1 λk
. This gives

Us(pik) =
I∑

i=1

K∑
k=1

(
wk ·Hik(1) ·D−bik

k

)
· p−bik

ik . (9)

We seek the values p∗ik that minimize this function, or minpik
(Us(pik)). An optimal routing

target p∗ik may show some unevenness, and increase assignments according to high-volume call
types given by wk values, and according to high-performing agents as determined by low Hik(1)
and high bik values. Nevertheless as we show in Lemma 2.2 below this is a convex function we
wish to minimize; in a solver that may be transformed to the problem of maximizing a concave
function, which is naturally maximized by making even assignments when agents were equally
capable. Our manager therefore expects the routing targets derived from Us(pik) and the associated
best routing rule to promote more even assignments than would be the case for the Uc objective,
which explicitly seeks the most extreme specialized assignments.

Lemma 2.2. The objective function of Equation (9), Us(pik), is a convex function of pik.
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Proof. Proceeding as in Lemma 2.1, we have

Us(pik) =
I∑

i=1

K∑
k=1

(
wk ·Hik(1) ·D−bik

k

)
· p−bik

ik

=
I∑

i=1

K∑
k=1

Cik · p−bik
ik

∂Us(pik)

∂pik

= −bikCikp
−(1+bik)
ik

∂2Us(pik)

∂p2
ik

= bik(1 + bik)Cikp
−(2+bik)
ik ≥ 0

∇2Us(pik) = diag
(
bik(1 + bik)Cikp

−(2+bik)
ik

)
. (10)

The Hessian matrix ∇2Us(pik) is thus a diagonal matrix of size (I ∗ K, I ∗ K), with positive

elements on the diagonal. Therefore as we saw for the Hessian matrix in Lemma 2.1, page 8,

~vT∇2Us(pik)~v ≥ 0, and the lemma is proved.

2.4 Design of the Constraints
Our operations manager notes that three constraints are implied by Figure 3. First, the sum of the
calls must equal the demand forecast Dk, or ∀ k,

∑I
i=1 Nik = Dk. Second, every agent must

get some calls—Agent 2 appears the least efficient, but still receives a nonzero allocation. This
is because substantive changes in expertise accrue slowly and in parallel to the daily peaks and
valleys of incoming traffic, and even the less promising agents will be needed during the peak
times to keep customer waiting times reasonable. Thus some reserve capacity for peak times must
be built into the solver’s work assignment—and informed by observations from empirical data, we
take that to mean that every agent must be taking calls during at least 20% of the time during the
optimization period. This capacity is captured in a set of minimum utilization constraints, which
we will also refer to simply as minimum constraints. This discussion also informs the question of
what time span the work assignments should cover. Since meaningful expertise gains occur after
completing tens or hundreds of similar tasks, while agents only get a few chances each day to
engage in the same task, the time horizon for the manager’s expertise-aware routing assignments
will be some number of months.

Third, agents must not be overloaded. This is represented by the gray areas next to agent
allocations that show unused capacity. Both behavioral and operational issues may be at stake:
large differences in volumes of work assigned will strike some agents as unfair, and generating
extremely tight work schedules through routing targets leaves agents with no flexibility to cope
with day-to-day fluctuations around the average demand forecasts. These ideas are captured in
maximum utilization constraints, or just maximum constraints. Empirical data suggest a maximum
utilization constraint where an agent is between 50% and 60% utilized during the optimization
period.

10



To express the minimum and maximum constraints, the manager evaluates the total time taken
by agent i to handle all calls in his assignment of type k, for every agent-type pair. This is accom-
plished by the following steps.

• If an agent’s handle time does not change, he takes Tik =
∑N

n=1 Hik(n) minutes to handle
N jobs, where Hik(n) is the time needed for the nth call; if Hik(n) is constant, Hik(n) =
Hik(1), and Tik = N ·Hik.

• Assume a unique log-linear learning curve function exists for every agent-type pair. Hik(n)
decreases monotonically as we have seen compared with the first handle time Hik(1) as
cumulative production n increases.

• As before, the cumulative production total Nik and the routing target proportion pik are re-
lated by Nik = pikDk, where Dk is the demand forecast for type k calls. Here it is convenient
to work with Nik.

• Specific limits can be placed on the value of the learning exponent bik: 0 ≤ bik ≤ 0.1, and
therefore 0.9 ≤ (1− bik) ≤ 1.

• In the presence of a learning curve, the time taken to handle N jobs becomes Tik =
∑N

n=1 Hik(n) ≈∫ N

v=0
Hik(v)dv.

A good closed-form approximate expression for Tik is:

Tik ≈ Hik(1)

∫ N

v=0

v−bikdv =
Hik(1) ·N (1−bik)

(1− bik)
. (11)

Now the set of maximum utilization constraints may be written as

∀ i
K∑

k=1

Tik ≤ Tmax. (12)

and the set of minimum utilization constraints may be written as

∀ i
K∑

k=1

Tik ≥ Tmin (13)

The manager sets the values of Tmin and Tmax by looking at empirical trends of agent uti-
lization, as those reveal the organization’s consensus about the sustained rates at which agents
should be busy over multiple-month time periods. Again, the minimum utilization might be
20%, and the maximum 60%. Multiplying the standard number of minutes worked per day by
the number of working days in the optimization period gives the total time Twork corresponding
to 100% utilization. Let ρmax be the busiest allowed mean utilization rate over the period; then
Tmax = ρmax · Twork. Similarly, ρmin is the lowest allowed mean utilization rate over the period,
and Tmin = ρmin · Twork.

Figure 5 compares the forms of the convex marginal handle time function Hik(Nik) and the
concave total time Tik(Nik). Note that Tik(Nik) appears in two constraint functions with opposite
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Figure 5: Left: plot of a convex log-linear learning curve Hik(Nik) = Hik(1)N−bik
ik . The curve shows

marginal values of handle time per call decreasing with cumulative production Nik, for agent i and call type
k. Right: the sum of all the handle times from the left-hand curve becomes a concave function, the total
time Tik(Nik)—note the scale of the peak is attenuated to fit on the plot.

relational symbols—greater than or equal to Tmin, and less than or equal to Tmax—but when solv-
ing an optimization problem, constraints must be able to be expressed in a standard form where all
inequalities point in the same direction. We take that direction to be less-than-or-equal-to, which
means the minimum constraint must be inverted. When that occurs, the sum of concave functions
in the minimum constraint is also inverted, resulting in the convex function TminPK

k=1 Tik
.

2.5 A Nonlinear Program to Find Good Call Routing Targets
Below we present two convex programs with linearized maximum constraints, known as Program
CP-Uc and Program CP-Us. These two programs are used to generate the optimal call routing
targets for Section 3. The constraint functions are the same for both objective functions; Uc(pik)
maximizes the linearized customer’s utility function and Us(pik) maximizes the supervisor’s utility
function over all agent-type pairs by varying call routing proportions pik. Here all functions are
written in terms of the optimization variables pik.
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CP-Uc max
pik

Uc(pik) =
K∑
k

wk ·Hk −

I∑
i=1

K∑
k=1

(
wk ·Hik(1) ·D−bik

k · pik

)
(14)

such that
∀ i, k: Nik = pik ·Dk “number of calls”

∀ i, k: Tik(pik) =
Hik(1) · (pik ·Dk)

(1−b)

(1− b)
“time taken”

∀ k: wk =
λk∑K

k=1 λk

“arrival rate weighting”

∀ i
K∑

k=1

βikHik(1)(pik ·Dk) ≤ Tmax “max. utilization” (15)

∀ i
K∑

k=1

Tik(pik) ≥ Tmin “min. utilization.” (16)

∀ k
I∑

i=1

pik ·Dk = Dk “full service” (17)

∀ i, k pik > 0 “pik positive” (18)

CP-Us min
pik

Us(pik) =
I∑

i=1

K∑
k=1

wkHik(1)(pik ·Dk)
−bik (19)

such that...(as above)

We adopt the form of a convex program for each objective in order to guarantee the existence of
a global minimum objective value. A convex program is defined as an optimization program that
minimizes a convex function over a convex set, where the convex set is formed from a set of non-
linear convex inequality constraints and linear equality constraints. See Boyd and Vandenberghe
[2004], page 136; Bertsekas [2003], page 208; or Nash and Sofer [1996], page 473 for proofs and
examples. It is known that convex programs yield unique global solution values, and commonly
used interior point solvers such as Matlab’s fmincon() function can find these global solutions in a
reasonable time by means of a variant of Newton’s method (see Coleman and Zhang [2009], pages
3–18).
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3. Simulation of Routing Policies to Implement Optimal Work

Assignment Targets

3.1 Approach to Simulation
Our nonlinear program outputs precise targets for the agents’ workloads. Yet it is unclear how such
precise targets may be implemented in the unpredictable daily call volume seen by a typical contact
center. To gain insight into methods for implementing our ideal targets, we now describe results
generated by a contact center simulator. This simulator generates streams of random numbers that
imitate the random time points at which calls arrive, and the random lengths of time required to
serve each customer.

The goal here is to develop and analyze routing rules that both show fidelity to our optimization
targets, and show high performance on day-to-day operational metrics. Call centers depend on
metrics that are not easily amenable to analytical methods and optimization, such as mean customer
waiting time, the average service level, the average number of abandonments or dropped calls
per period, and so on. All time-based metrics correlate fairly well with waiting time — more
waiting time leads to predictably higher abandonment rates, and lower service levels — so we
focus primarily on the average waiting time W̄ as our key queueing simulation output.

In a single experiment, an optimization solver implementing Program CP-Uc or CP-Us runs
first. It defines the size and scope of the problem, and all relevant parameters. As described in
Section 2.5, it outputs a list of target proportions for each agent-call type pair. It also generates
two critical priority routing tables: the agent-to-type map, or just agent map, and the type-to-agent-
map, or just type map. The simulator contains a routing subprogram that uses these tables to guide
new customers to free agents during the run. When output from Program CP-Uc or CP-Us, both
routing tables follow exactly the ordering of target proportions. For instance, if an agent is assigned
tasks A and B in proportions 50.1% and 49.9%, task A comes first in his row of the agent map.

Figure 6 shows elements of the ExtendSim program used to generate results. The entire so-
lution is a hybrid of the Matlab optimization toolkit, spreadsheets, ExtendSim, custom Java code,
and postprocessing scripts. In ExtendSim, routing rules were implemented using hierarchies of
customized equation blocks.

3.2 Priority Routing Rules
The simulator uses the proportions and tables differently, depending on a key parameter: the rout-
ing rule or policy. Figure 7 illustrates the differences among the routing rules we will be exploring.
In the top figure, the system does not prioritize calls by type, but only considers waiting time: a
“no priority” policy. When available to take a call, an agent chooses the customer with the longest
waiting time according to first-in-first-out order. The figure assumes the agents’ mean service times
are the same, so in the long run they each end up serving half of the incoming arrivals.

Without priorities, on-the-job learning specific to each call type still takes place, but it is not
tracked. As we have seen before, this leads to expertise distributions among agents driven solely
by the proportion of call types within the arrival stream, and each agent’s potential to learn by
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Figure 6: Simplified diagram of the ExtendSim simulator implementation used to test routing rules.

serving those types. Agents serve many types, and spend a high proportion of their time in the
steep starting phase of each learning curve. This policy both minimizes waiting time from server
pooling, and maximizes the sum of expertise over all agents and types in the system.

Yet management may determine that more specialized expertise is needed than can be obtained
under a no-priority rule. The bottom of Figure 7 illustrates policies that develop specialized ex-
pertise. Maximum specialization occurs when agents serve a single type, and sit idle when their
preferred customer type is absent. However, this extreme rule is rarely feasible except in the largest
systems. Instead, we may use rules that trade-off some waiting time performance to obtain a higher
degree of specialized expertise. Such rules employ agent-to-type priority routing schedules that
limit idling.

Consider a priority routing rule for Figure 7. Call types A and B arrive at the system requiring
separate kinds of expertise—in a the financial services setting, A may represent questions about
tax forms, and B may represent questions about credit card payments. Agents 1 and 2 have their
own preferred call type, but may also assist by taking calls of the other type. Let the service rates
µ1 and µ2 be constant at one customer per arbitrary time period. Then the arrival rates λA and λB

and the routing rule determine the degree of task sharing, and thus the trade-off of waiting time for
specialized expertise.

• Routing Rule Example Assume the lower diagram of Figure 7 is a system with Markovian
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Figure 7: Three rules for routing calls to agents, and an example of policy-dependent priority maps. Top:
When no call type priorities are identified, policy NP, agents take any waiting call. Bottom: When priorities
are present, agents choose the first waiting call of their preferred type. If no preferred customers are present,
the agent may offer to serve other types of customers (priority-no-idle policies), or he may idle and wait for
his preferred type (priority-with-idle policies). Here λA and λB are Poisson arrival rates for call types A and
B; rik are rates of type k served by agent i.

arrival and service processes. Mean arrival rates are λA = 0.45 customers per arbitrary time period,
λB = 0.25, and service rates are µ1 = µ2 = 1. The priority schedule, or priority map, for agent 1 is
{A, B}. For agent 2 the map is {B, A}. We adopt the routing rule priority-no-idle (PNI): serve the
highest priority customer from the priority map, if a customer of that type is present in the system;
otherwise check if the other agent is busy and a customer of the other type is waiting—if so, then
serve the other type.

These parameters suffice to determine the steady-state flows in the system: r1A = 0.365, r1B =
0.029, r2A = 0.085, r2B = 0.221. Figure 8 shows a simulation procedure’s convergence to the
final answer. Agent 2 is free more often, and the task sharing rule allows him to give substantial
assistance to Agent 1. Occasionally, Agent 1 assists Agent 2 with type B calls as well — about 7%
of Agent 1’s service is used to help Agent 2. 2

For our system simulations, let us consider the following five operational routing rules. Com-
pared to the first default rule, the other four pay a higher cost in waiting time in return for a better
value of the customer’s objective function, Uc(pik).

1. No priority, or NP. Under this rule, on-the-job learning plays no role in workload assign-
ments. We calculate a staffing level sufficient to maintain a desired average service level with
respect to a call volume forecast, and do not consider skills or the call type when routing calls to
agents.

16



Figure 8: Utilization for two agents under Idle and No-Idle routing—example 3.2 results. The two results
in the middle are achieved under policy PNI, while the extreme top and bottom results are obtained under
PWI.

2. Priority-No-Idle-Constant, or PNI-Constant. When free, an agent will take his next call
from the queue that is highest on his priority list, but all call types appear on his list. So he favors
the call types in a certain order, but will not be idle if a customer is ready to be served.

3. Priority-No-Idle-Swap, or PNI-Swap. This is the same as PNI-Constant, with one dif-
ference — the priorities of call types in the routing tables are changed dynamically, such that the
agent-type pair with the greatest error between the routing target proportion and the currently cal-
culated proportion occupies the top agent map and type map positions. The pair with the second
greatest error occupies the second two positions, and so on. The recalculation takes place following
every service event.

4. Priority-With-Idle-N-Constant, or PWI-N-Constant. An agent will idle until a call type
from his assigned priority list arrives, even at the cost of making other customers wait. The imple-
mentation drops all non-priority call types from the rows of the agent map and the type map. If all
types were present, this would be the same as PNI-Fixed. The value N indicates the lengths of the
rows on the agent and type maps.

5. Priority-With-Idle-N-Swap, or PWI-N-Swap. This is the same as PWI-Constant, except
that the priorities among the agent-type pairs still present in the reduced agent and type maps are
changed dynamically, as with PNI-Swap.
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Figure 9: Optimal trade-off curves (efficient frontiers) defined by routing rules. These are for a system of
6 call types and 12 agents. Each point marks the performance of one of the types of routing rules. The rules
shown define the efficient frontier for average system utilization rates of 40% and 60%. Normalizations are
done separately with respect to the values generated by each utilization series.

3.3 The Efficient Frontier Defined By Five Routing Rules
Figure 9 plots the performance of our five rules in a such a way that they define an efficient frontier
describing the trade-off between the normalized value of the customer’s objective function Uc(pik),
as defined on page 13, and the normalized mean waiting time per customer W̄ . An ideal policy,
unachievable in practice, would land on the origin: zero waiting time, and maximum customer
utility.

Each point represents the tradeoff at the final value of a year’s operation (240 business days)
of a twelve-agent, six-call-type system. All agents begin the year with the same mean service time
of seven minutes for every call type; their learning exponents bik are all set to a moderate value of
0.01, and the system assumes Markovian arrivals and service. The arrival rates for each call type
are equal, and are determined by the mean utilization value for the system: 40%, or 60%. Again,
for this system the arrival rates among call types are equal, and learning rates among agents are
equal.

Under these conditions, we see how the introduction of priorities increases both measures. Rule
NP lies at one extreme, providing the lowest waiting time. The forced idling rule PWI-3-Swap
lies on the other extreme, providing the largest gain in objective Uc(pik). Both priority-no-idle
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rules offer good compromises for the 40% utilization case. When utilization increases to 60%,
interruptions in agent work patterns caused by prioritizing call types result in longer queues. They
also result in more service opportunities for ascending specialized learning curves; PWI-3-Swap
at 60% achieves a higher Uc(pik) gain than PWI-3-Swap at 40%.

Figure 10: Routing Rules and the the Supervisor’s Utility. Optimal tradeoff curves for 6 call types
and 12 agents, with the sum of expertise (the supervisor’s utility Us) on the horizontal axis, and waiting time
on the vertical axis. Each point marks the performance of one of the routing rules. Note that the optimal
trade-off curves consist of a single point for both the 40% and 60% utilization cases. That point corresponds
to routing rule NP, or no-priority.

By contrast, Figure 10 shows the equivalent efficient frontier curve for the same system using
the supervisor’s utility as the objective function, as defined by Us(pik) on page 13. Note that the
curve consists of one point for both 40% and 60% utilization values: rule NP achieves both the
lowest total waiting time and the best value of the objective function. This supports the intuition
that the supervisor’s utility is optimized by even routing, as rule NP routes calls evenly among
agents. It also naturally weights routing proportions according to the arrival rate ratio λkPK

k=1 λk
,

which we also included in the objective Us(pik). In contrast to rule NP, the priority routing rules
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do not appear to be attractive options when our manager chooses the supervisor’s utility as her
objective.

3.4 Time Series of Expertise and Waiting Time

Figure 11: Examples of simulation time series. Top: evolution of the customer’s objective Uc(pik) in the
system. Priority-With-Idle-Swap performs best. Bottom: cumulative average waiting time in the system.

As an illustration of how the customer’s objective Uc(pik) develops as a simulation experiment
unfolds, Figure 11 provides two time series plots from one replication for quantities of interest in
this case. The top of Figure 11 shows the evolution of Uc(pik) in the system, and the bottom shows
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the mean waiting time for the five policy types. Routing rule PWI-4-Swap appears in the highest
position both times—it provides the largest trade-off of waiting time for expected expertise; and
policy NP gives the smallest trade-off, as we expect.

4. Conclusion
In this paper we analyzed policies to develop agent expertise in stochastic models of call center
operations. We took a two-step approach of setting development targets with an optimization
program, and exploring routing rules to implement those targets in a discrete event system model
with randomized arrival and service times. Our approach allows contact center management to
assess the impact of targeted call routing, which increases average system waiting time, in order to
develop specialized expertise from on-the-job-learning over a period of weeks or months. Results
suggest that a class of policies we call Priority-No-Idle provide most of the benefits of learning in
return for a relatively small increase in customer waiting.

We foresee many interesting extensions to this work. First, we only present results for a few
scenarios, out of the many configurations possible for modern contact centers. Different param-
eterizations of call types, starting agent skills, and learning rates based on empirical data from
different industries could be explored using our experimental framework. Second, the impact of
learning was measured as an improvement in handle time; but we could also consider improve-
ments in service quality that, for example, would reduce the number of callbacks—and a discrete
event modeling study would be the ideal means to explore this topic. Finally, more sophisticated
routing rules could be devised to balance long-term learning objectives with short-term operational
goals; how would such rules fare against the simpler rules we tested here?
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